Introduction {#Sec1}
============

Recently there has been an increase of interest in applying finite element (FE) methods to partial differential equations (PDEs) in quantum mechanics \[[@CR1]--[@CR14]\]. In order to improve the accuracy of the solution, the basis set can be adaptively expanded through either refinement of the mesh (*h*-adaptivity) or the basis functions can be augmented by the introduction of higher polynomial degree basis functions (*p*-adaptivity). Since the solution is not smooth and contains cusp singularities, the application of the *h*-adaptive FEM may require very fine meshes and could be computationally inefficient. There are several approaches to circumvent this problem.

From the physical point of view, for ab initio calculation of molecules often core electrons (as opposed to valence electrons) behave in a similar way to single atom solutions. Thus one possesses an a priori knowledge of a part of the solution vectors to the eigenvalue problem. One of the approaches used to introduce this into a FE formulation is the partition-of-unity method (PUM) \[[@CR15]--[@CR17]\], which is a generalization of the classical FE method. In PUM the enrichment functions are introduced into a basis as products with standard FE shape functions, thereby enlarging the standard FE space. As the standard FE functions satisfy the partition-of-unity property (that is, they sum to one in the whole domain), the resulting basis can reproduce enrichment functions exactly. For an overview on PUM applied to continuum mechanics we refer the reader to \[[@CR18]--[@CR20]\].

An alternative approach to the above is to combine *h*- and *p*-adaptivity resulting in what is termed as *hp*-adaptive FEM. For an overview of *hp*-adaptive refinement strategies we refer the reader to \[[@CR21]\]. The general idea is that when the exact solution is smooth on the given element, *p*-adaptive refinement is more efficient and leads to a faster convergence with respect to the number of degrees of freedom; whereas if the solution is non-smooth (singular), *h*-adaptive refinement is performed. Thus in addition to a reliable error estimate and the choice of the marking strategy of elements for refinement, *hp*-adaptive methods need to decide which type of refinement to perform on a given element. In this work we use methods based on smoothness estimation \[[@CR22]--[@CR27]\]. As those methods are normally employed for problems with a single solution vector, we propose an extension to multiple solution vectors as is required for the here considered eigenvalue problems.

Herein, our main focus is application of *h*-adaptive PUM to PDEs in quantum mechanics, namely to the Schrödinger equation and the all-electron density functional theory (DFT) \[[@CR28], [@CR29]\]. Application of the PUM to the above problems holds a significant promise to improve on accuracy of a standard (non-enriched) FE approximation. The corresponding numerical evidence can be found in \[[@CR9]\], where convergence studies for PUM solutions obtained on *uniformly* refined meshes are performed.

The novelty of our paper is that the PUM will be equipped with an a posteriori error estimator, thus enabling implementation of error-controlled *adaptive* mesh refinement strategies. Derivation and implementation of the PUM in computational solid mechanics is nowadays very well-acknowledged and established area of research, yet the authors are not aware of any other work which applies the *h*-adaptive PUM to DFT.

We will also compare the PUM to *hp*-adaptive FEM in terms of the efficiency with respect to the number of degrees of freedom. Although there are publications on the topic of *hp*-adaptive FEM applied to DFT \[[@CR1]\], they lack any numerical studies and are limited to a pre-defined refinement strategy of hexahedra that admit nuclei only at its vertices. In order to apply the *hp*-adaptive FEM to DFT, in this paper we propose an extension of the smoothness estimate approach using Legendre coefficients \[[@CR22]--[@CR25]\] to multiple solutions vectors.

The outline of this paper is as follows: In the section on "Theory", we introduce the eigenvalue problem studied here. The PUM and error estimators are also discussed. We also explain the strategy employed to decide between *h*- and *p*-adaptive refinement for the *hp*-adaptive FEM. Results of numerical studies of the chosen systems are presented in section titled "Results and discussion", followed by some conclusions. In Appendix A we rigorously derive the local interpolation error estimates for enrichment with a class of exponential functions; Appendix B describes the approach applied to solve single atom DFT in radial coordinates within application of the PUM; Appendix C discusses implementational details of PUM within the context of the deal.II \[[@CR30]\] library.

Theory {#Sec2}
======
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Partition-of-unity method {#Sec3}
-------------------------

The classical FEM with piecewise linear ansatz spaces requires very fine meshes for adequate accuracy when the solution is not smooth or is highly oscillatory; this increases the computational cost of solving the problem. The PUM proposed by Melenk and Babuska in \[[@CR15], [@CR16]\] can address this issue. The main feature of the PUM is the inclusion of an a priori knowledge about the solution properties into the FE space. The PUM enriches the vector space spanned by standard FE basis functions $\documentclass[12pt]{minimal}
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Note that ([4](#Equ4){ref-type=""}) is a more general approach than enriching the basis with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_j$$\end{document}$ alone (i.e. without multiplying by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N_i$$\end{document}$, as is employed in \[[@CR32]\]). Granted the partition of unity property of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N_i$$\end{document}$, this case can be obtained from ([4](#Equ4){ref-type=""}) by requiring all DoFs associated with a given enrichment function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_j$$\end{document}$ to have the same value.

Error estimator {#Sec4}
---------------

A posteriori error estimation analysis for FE approximations of (second-order) eigenvalue problems has been a topic of intensive study within the last several decades, both from theoretical and implementational standpoints. We refer the interested reader to \[[@CR13], [@CR14], [@CR33]--[@CR39]\], where two "conventional" types of error estimators, namely residual- and averaging-based error estimators, are presented.
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One of the key findings of our work is the proof that indicator ([7](#Equ7){ref-type=""}) also holds (with no modification due to the enrichment usage) in the PUM with the exponential enrichment function $\documentclass[12pt]{minimal}
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hp-adaptive solution {#Sec5}
--------------------

There have been numerous works devoted to *hp*-adaptive refinement \[[@CR22]--[@CR25], [@CR40]--[@CR42]\] including a comparison of different methods \[[@CR21]\]. The main difficulty that *a posteriori* *hp*-adaptive methods aim to address is the following: once an error is estimated and a certain subset of elements is marked for refinement, one has to choose between *h*- or *p*-refinement for each element. In this work we adopt an *hp*-refinement method based on the estimate of the analyticity of the solution[5](#Fn5){ref-type="fn"} on the reference element via expansion into Legendre bases \[[@CR22]--[@CR25]\]. In particular, the FE solution is analytic on element *K* if, and only if, there exists constants $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma _0$$\end{document}$, the solution is considered to be smooth at *K* and thus *p*-refinement is performed, otherwise *h*-refinement is executed. For initially linear FEs *p*-refinement is always performed. We note that methods based on the decay rate of the expansion coefficients were found in \[[@CR21]\] to be the best choice as a general strategy for the *hp*-adaptive solution of elliptic problems. To the best of our knowledge there is, however, very little (numerical) study of those methods applied to DFT. The only paper we are aware of \[[@CR1]\] lacks any numerical results. We also note that, in the majority of cases, *hp*-adaptive FEM is applied to problems in $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {R}^3$$\end{document}$ that are relevant to quantum mechanics. In order to extend this *hp*-refinement strategy to the eigenvalue problem, that is when there are multiple vectors represented using the same FE basis, we propose the following approach. For each element we find an eigenvector which contributes the most to the total element's error. The smoothness of this vector is the basis on which we decide to perform *h*-refinement or *p*-refinement. The rationale behind this approach is that we aim at minimizing the error the most during a single refinement step while being conservative and avoiding performing both *h*- and *p*-refinement on the same element. We also investigated allowing both *h*- and *p*-adaptive refinement of a single cell based on smoothness estimation of all eigenvectors, but ultimately found that this procedure leads to qualitatively similar results for the problems studied herein.
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The derivation of the error estimators for *hp*-FEM usually requires the polynomial degree of neighbouring elements to be comparable, namely that there exists $\documentclass[12pt]{minimal}
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Results and discussion {#Sec6}
======================

If not explicitly stated otherwise, the results below are obtained for the following configuration: (i) the initial polynomial degree for non-enriched DoFs is one for *hp*-adaptive FEM; (ii) linear shape functions are used in PUM to introduce enrichments, higher order elements were not employed as the interpolation error estimates are derived only for linear elements and thus limit the applicability of the error indicator stated in Eq. ([7](#Equ7){ref-type=""}) ; (iii) a Gaussian quadrature rule with $\documentclass[12pt]{minimal}
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Schrödinger equation {#Sec7}
--------------------

In this section we consider the Schrödinger equation Eq. ([1](#Equ1){ref-type=""}) with two different (spherical) potentials $\documentclass[12pt]{minimal}
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The second potential we will consider is a harmonic potential $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$V(\mathbf{x })=\left|\mathbf{x } \right|^2/2$$\end{document}$ that leads to a harmonic oscillator problem. The eigenvalues for this problem are also degenerate; in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {R}^3$$\end{document}$ they are given by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda _n = n+1/2$$\end{document}$ for *n*th energy level. The lowest two have a degeneracy of 1 and 3, respectively. The (unnormalized) eigenfunction corresponding to the lowest eigenvalue is$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$R_{0,1}(\mathbf{x }) = \left|\mathbf{x } \right| \exp \left( -\left|\mathbf{x } \right|^2/2 \right) $$\end{document}$. Figure [1](#Fig1){ref-type="fig"} shows radial components of eigenfunctions for the Coulomb and the harmonic potential. It is clear that in order to have a low interpolation error for a standard Lagrange FE basis, a very fine mesh will be required near the origin. For such non-smooth solutions we will see that by introducing enrichment functions the interpolation error of the resulting FE basis will be greatly reduced.Fig. 1Radial components of eigenfunctions for different potentials *V*(**x**). The dotted vertical line indicates the smallest initial mesh size which will be used in our numerical calculations. **a** Coulomb. **b** Harmonic

The initial mesh used to solve the Schrödinger equation is obtained from 3 global mesh refinements of the single element in $\documentclass[12pt]{minimal}
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First, we examine the convergence in case when a single eigenpair is required in the Schrödinger equation with two different potentials. Figure [2](#Fig2){ref-type="fig"} compares the *h*-adaptive FEM, *hp*-adaptive FEM and *h*-adaptive PUM, whereas Fig. [3](#Fig3){ref-type="fig"} shows the cross-sections of meshes for the last refinement step.Fig. 2Error convergence rates for an eigenproblem with a single eigenpair. **a** Coulomb potential. **b** Harmonic potential Fig. 3Cross-sections of the final adaptive meshes for the Coulomb potential when solving for a single eigenpair. **a** *h*-adaptive FEM (linear). **b** *h*-adaptive FEM (quadratic). **c** *hp*-adaptive FEM. **d** *h*-adaptive PUM (linear)

For both combinations of potentials and enrichment functions, the *h*-adaptive PUM is superior to *h*-adaptive FEM. In particular, for the last refinement step the PUM solution is about two orders more accurate than the *h*-adaptive FEM with the same number of DoFs in the case of the Coulomb potential. For the harmonic potential this value is smaller. The asymptotic convergence rate of the *h*-adaptive PUM with the default enrichment radius is very similar to that of the *h*-adaptive FEM for both problems (compare green and red lines in Fig.  [2](#Fig2){ref-type="fig"}), which supports our theoretical findings.

The advantage of the *h*-adaptive PUM also depends on the enrichment radius with respect to the underlying exact solution. To examine this effect we employ an initial mesh obtained only by two global refinements of a single element and mark the 8 elements adjacent to the origin for enrichment. With this approach we effectively consider a larger enrichment domain $\documentclass[12pt]{minimal}
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                \begin{document}$$[-\,2.5;2.5]^3$$\end{document}$. Importantly, the numerically non-zero part of the underlying analytical solution will be almost fully contained in those 8 elements (see Fig. [1](#Fig1){ref-type="fig"}b). From the numerical results we observe that for the most refined stage the *h*-adaptive PUM displays an error which is about 6 orders of magnitude less than the same method with the smaller enrichment domain (compare purple and green lines in Fig. [2](#Fig2){ref-type="fig"}b).

For the case of a single eigenpair, the *hp*-adaptive FEM performs remarkably well and, unless a larger enrichment radius is used in *h*-PUM, it converges to the higher tolerance with fewer number of DoFs (compare blue and green lines in Fig. [2](#Fig2){ref-type="fig"}).

Now let us turn our attention to a more realistic scenario where one seeks multiple eigenpairs whereby an *a priori* knowledge is available only for the first eigenfunction. Figure [4](#Fig4){ref-type="fig"} plots the convergence of the first 5 eigenvalues for the Coulomb potential and the first 4 eigenvalues for the harmonic potential for the different methods. For both problems the *h* adaptive PUM again has remarkable convergence properties, superior to *h*-adaptive FEM. It is important to note that even though in the PUM the enrichment function corresponds to the first eigenfunction only, other eigenpairs in the case of the harmonic potential tend to converge faster than the standard *h*-adaptive FEM case, as can be observed in Fig. [4](#Fig4){ref-type="fig"}b. The same applies to the spherical orbital at the second energy level of the Hydrogen atom; see Fig. [4](#Fig4){ref-type="fig"}a where the corresponding eigenvalue in the PUM case displays a faster convergence rate than the others on the same energy level.Fig. 4Convergence of eigenvalues from the first two energy levels for the Schrödinger equation in the course of adaptive refinement. Red lines denote the lowest eigenvalue, whereas blue lines correspond to degenerate eigenvalues on the next energy level. **a** Coulomb potential (4 out of 5 eigenvalues are degenerate). **b** Harmonic potential (3 out of 4 eigenvalues are degenerate)

For the Hydrogen atom, in the case of the *hp*-adaptive refinement one observes a superior convergence rate of the first eigenvalue, whereas eigenvalues from the next energy level have errors that are comparable to the *h*-adaptive linear FEM. A possible issue could be related to the smoothness estimation on elements with hanging nodes. In particular it is observed \[[@CR44]\] that the smoothness is overestimated when using similar methods, albeit based on Fourier coefficients. This leads to unnecessarily high order polynomial degrees in these areas. Clearly, further investigation is required to resolve this problem.

Density functional theory {#Sec8}
-------------------------

Finally, we apply the here considered FE approaches to the Kohn--Sham density functional theory. As a first test problem we consider a single He atom which has a single doubly occupied state, i.e. $\documentclass[12pt]{minimal}
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                \begin{document}$$h=2.5$$\end{document}$. Eight elements adjacent to the atom are enriched.Fig. 5Finite element solution of He atom. **a** Scaled radial solution. The dotted vertical line indicates the enrichment radius. **b** Convergence of the error in total energy of He atom for various FE methods

Figure [5](#Fig5){ref-type="fig"}b compares the *h*-adaptive FEM, *hp*-adaptive FEM and *h*-adaptive PUM. One immediately recognizes that the PUM leads to a much faster convergence in terms of DoFs and gives about an order of magnitude advantage in terms of the absolute value of the error. The linear *h*-adaptive FEM would require ten times more DoFs to achieve the same accuracy. The *hp*-adaptive FEM displays an exponential-like decay and approaches the accuracy of PUM at higher number of DoFs.

In the second test problem we consider a CO molecule in the domain $\documentclass[12pt]{minimal}
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                \begin{document}$$-\,0.578$$\end{document}$ reported in \[[@CR45]\]. This gives us confidence to use the estimated ground state energy value in convergence studies, which are presented in Fig. [6](#Fig6){ref-type="fig"}.

The enrichment functions for PUM are obtained from the numerical solution of single atom Schrödinger equations; see Appendix B for details. The scaling of those functions are not important for PUM, so Fig. [6](#Fig6){ref-type="fig"}a depicts radial solutions normalized so that the value of the 1*s* and 2*s* orbitals are unity at the origin. It is generally possible to use all eigenfunctions from the radial solution as enrichments around each atom in the radius of a few atomic units. However, extra care must be taken not to render the resulting FE space to have linearly dependent basis functions. Figure [6](#Fig6){ref-type="fig"}a clearly indicates that given small enough elements (on the order 0.1 a.u.), enriching with both 1*s* and 2*s* single atom radial core electrons solutions would make the FE space degenerate. Our current implementation of PUM DFT only supports enrichment in non-overlapping domains. Therefore for the CO molecule we have to start from a relatively fine mesh, which in the course of *h*-adaptive refinement may render the basis enriched with multiple functions linearly dependent. To avoid this, the PUM results for the CO molecule are obtained by enriching 8 elements adjacent to each atom with its 1*s* orbital only. Scaling of the 1*s* function to unity at the origin of the enrichment spherical function improves the condition number of the resulting matrices.

Figure [6](#Fig6){ref-type="fig"}b compares the convergence characteristics using the *h*-adaptive FEM, *hp*-adaptive FEM and *h*-adaptive PUM. The energy error convergence rate from *h*-adaptive FEM compares favourably to the expected rate of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {{O}}(\mathrm{DoFs}^{-2p/3})$$\end{document}$. Remarkably, the chosen smoothness estimate used in the *hp*-adaptive FEM and its extension to multiple vectors do not lead to an increase in efficiency in terms of the number of DoFs as compared to *h*-adaptive quadratic FEM. The *h*-adaptive PUM displays the same convergence rate as *h*-adaptive FEM and is, as expected, more accurate. This, however, comes at the expense of having a worse condition number for the resulting matrices and the necessity to use higher quadrature order to perform sufficiently accurate numerical integration. For this example and the chosen enrichment radius, the difference in energy error between the two approaches is less than one order of magnitude. By comparing these results to those presented earlier for H and He atoms, we hypothetize that a larger enrichment radius is required to make the PUM advantageous compared to the *h*-adaptive FEM. Our current implementation of PUM DFT, however, only allows enrichment in non-overlapping domains, which limited the enrichment radius for the CO example.Fig. 6Finite element solution of CO molecule. **a** Scaled radial solution of single atoms. The dotted vertical line at 0.5 indicates the enrichment radius. **b** Convergence of the error in total energy of CO molecule for various FE methods

Conclusions {#Sec9}
===========

In this contribution we have applied and critically compared the *h*- and *hp*-adaptive FEM, and the *h*-adaptive PUM to the relevant PDEs in quantum mechanics, namely the Schrödinger equation and the Kohn--Sham all-electron density functional theory. The main findings are summarized below.The PUM renders several orders of magnitude more accurate eigenvalues than the standard FEM when solving the Schrödinger equation for the lowest eigenpair with Coulomb and harmonic potential. For the case when more eigenpairs are sought but only the lowest eigenvector is introduced as an enrichment, the PUM is still more accurate, especially for the lowest eigenvalue. Remarkably other eigenvalues also exhibit a faster convergence. The results from DFT calculations indicate that in order to keep this advantage, a reasonably large enrichment radius is needed.For problems where a single eigenpair is being sought, the *hp*-adaptive FEM with the here considered smoothness and residual error estimators results in a more accurate solution with fewer number of DoFs as compared to *h*-adaptive PUM and FEM. However, for the case of multiple eigenpairs this approach did not lead to satisfactory results. Overall we find *h*-adaptive PUM to be a more robust solution method to reach the required accuracy even with relatively small enrichment domains.Local interpolation error estimates are derived for the PUM enriched with the class of exponential functions. In this case the results are the same as for the standard FEM and thereby admit the usage of the error indicator ([7](#Equ7){ref-type=""}).For the PUM DFT calculations the convergence rate of energy error and the residual error estimator are the same for all studied examples. Thus our numerical results confirm that Eq. ([7](#Equ7){ref-type=""}) can be considered as a reliable error indicator for problems in quantum mechanics.An element view to the implementation of PUM in FEM codes based on hexahedra is proposed (see Appendix C). As a result, continuity of the enriched field along the edges with hanging nodes is enforced by treating FE spaces produced by each function in the local approximation space separately. The resulting algebraic constraints are independent on the enrichment functions. This allows one to directly reuse algorithms written for enforcing continuity of vector-valued FE spaces constructed from a list of scalar-valued FEs.

Appendix A: Local interpolation error estimates {#Sec10}
===============================================

In this appendix, the local interpolation error estimates required for the derivation of the error indicator ([7](#Equ7){ref-type=""}) in the case of PUM are obtained for linear finite element approximations enriched with $\documentclass[12pt]{minimal}
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We fix the notations to be used throughout the appendix and make assumptions that are conventional for this kind of analysis. For the sake of simplicity and without loss of generality, we elaborate here for the two-dimensional setting. The obtained results are valid in three dimensions as well.
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Also, in what follows, by the notation $\documentclass[12pt]{minimal}
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Finally, we also recall useful inequalities, which arethe Poincaré-type inequality (see e.g. \[[@CR48]\]): $$\documentclass[12pt]{minimal}
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Quasi-interpolation operator {#Sec11}
----------------------------

Herein, we construct an interpolation operator for obtaining the local error estimates ([12](#Equ12){ref-type=""}) and ([13](#Equ13){ref-type=""}).
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Explicit construction of the operator $\documentclass[12pt]{minimal}
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### Preliminaries {#Sec13}

The three estimates that we start with are basic for the following local interpolation error analysis. On every $\documentclass[12pt]{minimal}
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The lower bound estimate can be found similarly:$$\documentclass[12pt]{minimal}
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The next step towards ([12](#Equ12){ref-type=""}) and ([13](#Equ13){ref-type=""}) implies obtaining the so-called stability result for the constructed $\documentclass[12pt]{minimal}
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### Constant-preserving property of $\documentclass[12pt]{minimal}
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The final ingredient required for obtaining ([12](#Equ12){ref-type=""}) and ([13](#Equ13){ref-type=""}) is the determination of how "well" the constructed $\documentclass[12pt]{minimal}
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                \begin{document}$$q^h$$\end{document}$ reproduces the constant on an element *K*, depending on its type. This constant-preserving property of the operator is of major importance particularly in the case of enriched FEM.

The required result on a standard (non-enriched) element *K* follows immediately. Indeed, in this case$$\documentclass[12pt]{minimal}
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The situation on a fully-enriched and partly-enriched (blended) element is more delicate. In the case of a fully enriched element we have$$\documentclass[12pt]{minimal}
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### Proof of local error estimates ([12](#Equ12){ref-type=""}), ([13](#Equ13){ref-type=""}) {#Sec16}

The derivation of the estimates for $\documentclass[12pt]{minimal}
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By the Poincaré inequality ([14](#Equ14){ref-type=""}), it holds that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left\| v - c \right\| _{L^2(K)} \le \left\| v - c \right\| _{L^2(\omega _K)} \lesssim h_K \left| v\right| _{H^1(\omega _K)}, \end{aligned}$$\end{document}$$where one can choose $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c=|\omega _K|^{-1}\int _{\omega _K} v {\mathrm{d}}{\mathbf{x }}$$\end{document}$ and use $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$h_{\omega _K}\sim h_K$$\end{document}$.

By the stability estimate ([22](#Equ22){ref-type=""}) and the Poincaré inequality, it holds similarly to the above that$$\documentclass[12pt]{minimal}
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Using ([25](#Equ25){ref-type=""})--([28](#Equ28){ref-type=""}) in ([24](#Equ24){ref-type=""}), the resulting local interpolation error of type ([12](#Equ12){ref-type=""}) follows. Note that in the case of fully enriched and blended elements the term $\documentclass[12pt]{minimal}
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By the stability estimate ([23](#Equ23){ref-type=""}) and the Poincaré inequality ([14](#Equ14){ref-type=""}), we obtain the result that$$\documentclass[12pt]{minimal}
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Using ([29](#Equ29){ref-type=""})--([32](#Equ32){ref-type=""}) in ([24](#Equ24){ref-type=""}), the resulting local interpolation error estimate of type ([13](#Equ13){ref-type=""}) follows as well. Again, in the case of fully enriched and blended elements the term $\documentclass[12pt]{minimal}
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Appendix B: Single atom radial solution {#Sec17}
=======================================

The radial solution of a single atom with charge *Z* is obtained by solving the following coupled problem$$\documentclass[12pt]{minimal}
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Appendic C: PUM implementational details {#Sec18}
========================================

An enriched finite element class has been implemented for the general purpose object-oriented C++ finite element library deal.II \[[@CR30]\]. The implementation is based on the FESystem class, which is used to build finite elements for vector valued problems from a list of base (scalar) elements. What differs from that class is that the developed FE implementation is scalar, but built from a collection of base elements and enrichment functions[9](#Fn9){ref-type="fn"} $$\documentclass[12pt]{minimal}
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As distribution of DoFs in deal.II is element based, we always enrich all DoFs on the element. To restore $\documentclass[12pt]{minimal}
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The *h*-refinement in deal.II is implemented using hanging nodes. In this case, extra algebraic constraints have to be added to make the resulting field conforming. We build these constraints separately for the non-enriched FE shape functions and enriched shape functions; that is, the following spaces are separately made conforming: $\documentclass[12pt]{minimal}
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In this procedure the algebraic constraints do not depend on the enrichment functions and are equivalent to those one would have for the vector-value bases build upon the same list of scalar FEs. Therefore, no extension of the existing functionality to build algebraic constraints was necessary. This allows us to reuse the code written for the FESystem class, which can be used in deal.II to build a vector-valued FE from a collection of scalar-valued elements. Another remarkable benefit of this approach is that existing code can be used to transfer the solution during *h* -adaptive refinement from a coarse to a fine mesh. The reason is that prolongation matrices for enriched elements are equal to their vector-valued counterparts under the condition that all child elements are also enriched. Yet another advantage of implementing a dedicated enriched finite element in deal.II library relates to the numerical integration of jump terms in the Kelly error indicator (see "Error estimator" section). Here, care needs to be taken in computing contributions to cell errors from faces with hanging nodes. Had the authors pursued an implementation of PUM where values and gradients of additional basis functions are evaluated manually via the product rule in the course of numerical integration, a completely separate function would have to be implemented to integrate the jump terms in error indicators, which is not a straight-forward task. We believe that the implementation outlined above is general enough to allow PUM to be applied using deal.II to other partial differential equations such as crack propagation in continuum mechanics. Figure [9](#Fig9){ref-type="fig"} depicts an example of enriched and non-enriched shape functions for the case of *h*-adaptive refinement with hanging nodes in two dimensions.Fig. 9*h* -adaptive mesh refinement and shape functions associated with the central node on the domain $\documentclass[12pt]{minimal}
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:   eigenvalue obtained from the finite element solution of the problem
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:   the decay coefficient
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Note that in the non-periodic case the Schrödinger equation is actually set in $\documentclass[12pt]{minimal}
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                \begin{document}$$\Omega $$\end{document}$ in Eq. ([1](#Equ1){ref-type=""}) is assumed to be sufficiently large such that zero Dirichlet boundary conditions make sense and there is no additional error due to considering a bounded domain. For all example systems that are considered below, the eigenfunctions are known to have asymptotic exponential decay which allows one to choose moderately sized domains.

For spin unpolarized systems with an even number of electrons $\documentclass[12pt]{minimal}
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We use standard notation for Sobolev spaces and norms.
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That is the measure of how well it is representable by power series.

Note that in \[[@CR22]\] the Legendre coefficients were required to have even slower decay rate of $\documentclass[12pt]{minimal}
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For spherically symmetric potentials one can separate eigenfunctions into radial $\documentclass[12pt]{minimal}
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Single-atom energies of C and O atoms are $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ -\,37.42426$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$-\,74.46933$$\end{document}$, respectively.

This is a generalization of ([4](#Equ4){ref-type=""}) which allows to use different FE spaces for each enrichment function. In practice one uses linear shape functions for enriched DoFs and possibly higher order shape functions for non-enriched DoFs.

For linear FEs, the value at the hanging node is the average of the values at adjacent vertices, for example $\documentclass[12pt]{minimal}
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